4.3 The method of undetermined coefficients

See table 0.3 on page 12 of Powers for the form of paticular solution
> restart;

Examplel:

Consider the equation

> eq:= diff(y(t),t$4) - 4*xdiff(y(t),t$2) = t°2 + exp(t);
4 2

g = (S ¥(1)) — 4 (g ¥(1) = 2 4 ¢

Characteristic equation

> chareq:= r"4 - 4xr"2 = 0;

chareq :=1* —4r* =0
Characteristic roots
> chr := solve(chareq,r);
chr:=0,0, 2, —2

Fundamental solutions for the homogeneous equation

For r = 0: s = 2 because 0 appears twice in the above list. We have two
solutions corresponding to this root (Note : exp(0*t) = 1)

> yl:= t->1; y2:= t->t;

yl :=1
y2 =t —t

For r = 2 or r = -2: single roots so that s=1. We have two corresponding
solutions

> y3:= t->exp(2*xt); yd:= t->exp(-2%t);

y3 =t — e2t
yf =t — (720

Particular solution:

Because the terms on the right hand side of eq are not of the same form so
that we can use the table right away. We need to split them into 2 eqns. (in
Maple: lhs(eq) and rhs(eq) are respectively the left and right hand sides
of the variable eq.

> eql:= lhs(eq)=t"2; eq2:= lhs(eq)=exp(t);

o 02 )
eql = (53 (1) —4(55¥(t) =1
o 0?

a2 = (557 ¥(0) — 4 (55 ¥(t)) = ¢

For the equation eql:

The right hand side of eql is a polynomial of degree 2 so that the look up
table 4.3.1 tells us that the form of a particular solution could be of the form
t"s*(A*t"2 + B*t +C) with s is the number of times 0 is a charac-
teristic root. In our case, 0 is a root and it appears twice so that s=2.
Therefore a particular solution can be found in the form

> Yl:= t->t"2%(A*%t"2 + Bxt + C);

We now substitute Y(t) in to the equation eql

> subs(y(t)=Y1(t), eql);




>  simplify(");
Y1 :=t—1>(At? + Bt +O)
(8—4152 (At? + Bt+C)) — 4(8—2 t2 (A2 + Bt +C)) =t
ot ot2 B
24A—48At* —24Bt—-8C =¢*

Collect the like terms and equal the coefficients we have the following equa-
tions to determine A,B,C.

> ABC:=solve({-48*A = 1, -24%B = 0, 24*A - 8%C =0});

Substitute this into Y1:

> so0ll := subs(ABC,Y1(t));

-1 -1
ABC :={B=0,A=— = —
C:={ 0, 48’0 16
1 1
-
soll =t ( 48t 16)

For the equation eq2:

The right hand side of eq2 is a product of a polynomial of degree 0 and
exponential so that the look up table 4.3.1 tells us that the form of a particular
solution could be of the form t"s*A*exp(t) with s is the number of times
alpha=1 is a characteristic root. In our case, 1 is not a root so that s=0.
Therefore a particular solution can be found in the form

> Y2:= t->Axexp(t);

We now substitute Y(t) in to the equation eql

> subs(y(t)=Y2(t), eq2);

>  simplify(");

Y2:=t— Aét
o4 0?
(ﬁAet) —4(@14615) zet
—3Aet =¢!

Equal the coefficients we see that A = -1/3.
Substitute this into Y2:
> 5012 := subs(A=-1/3,Y2(t));

1
sol2 = —3 e
Finally a particular solution of eq is
> sol := soll + so0l2;
1 1 1
L=t (——=t?— =) — - ¢
* T T T

The general solution of eq is

> gensol := Clxyl(t) + C2xy2(t) + C3*y3(t) + C4xy4(t) + sol;
1 1.1
1:=C1+C2t+ C3e®) 4+ Cpel2) 42 (—— 12— —)— ¢l
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